Abstract. Suppose K is unramified over Q p and Γ K
Introduction
Let W (k) be the ring of Witt vectors with coefficients in a perfect field k of characteristic p. Consider the field K = W (k) [1/p] , choose its algebraic closureK and set Γ K = Gal(K/K). Denote by C p the completion ofK and use the notation O Cp for its valuation ring.
For a ∈ Z 0 , let MΓ . This is principal ideal and in order to apply Fontaine's criterion about the triviality of the action of ramification subgroups from [4] , we needed an element of W N (L), where L is a finite extension of K with "small" ramification, which generates W 1 N (O Cp /p). Our "truncation" argument in [1] does not actually work: the resulting element does not belong to W 1 N (O Cp /p). In the moment Key words and phrases. local field, Galois group, ramification filtration. the author is inclined to believe that such an element does not exist if N > 1. Nevertheless, our proof in [1] gives the Fontaine conjecture up to index p: the groups Γ (v) K just should be replaced by the groups Γ
, where ζ N +1 is a primitive p N +1 -th root of unity. The above difficulty appears in many other situations when we try to escape from "R-constructions" (e.g. W (R), A cr , etc) to p-adic constructions inside C p . In this paper we prove Fontaine's conjecture by applying methods from [2] . These methods were used earlier to study ramification properties in the characteristic p case. As a matter of fact, this is the first time when we use them in the mixed characteristic situation.
Construction of torsion crystalline representations
The ring R is perfect of characteristic p, it is provided with the va-
With respect to v R , R is complete and the field R 0 := FracR is algebraically closed. Note that R and R 0 are provided with natural Γ K -action. Denote by σ the Frobenius endomorphism of R and W (R) and by m R the maximal ideal of R.
) is a complete discrete valuation closed subfield in R 0 . If K sep is the separable closure of K in R 0 then K sep is separably closed and its completion coincides with R 0 . The theory of the field-of-norms functor [7] identifies Γ K with a closed subgroup in Γ K . The quotient Γ K /Γ K acts strictly on K. More precisely, there is a group epimorphism κ :
Use the p-basis {ũ} for separable extensions E of K in K sep to construct the system of lifts If τ is a continuous automorphism of E then generally τ can't be lifted to an automorphism of O N (E) (but it can always be lifted to W N (E)). In many cases it is sufficient to use "the lift"τ :
. In other words,τ is defined only on a part of O N (E), butτ mod p = σ N −1 • τ : σ N −1 E −→ σ N −1 E and, therefore, τ can be uniquely recovered from the "lift"τ .
On the other hand, any continuous automorphism
and applying σ we obtain b).
Let MF be the category of
For 0 a p − 2, introduce the filtered module S a such that
Clearly, S a ∈ MF (use that σt ≡ p mod u p−1 0 ). In addition, Lemma 1.1 implies also that the action of Γ K preserves the structure of an object of the category MF on S a . For 0 a < p, define the category of filtered Fontaine-Laffaille modules MF N (a) as the full subcategory in MF consisting of modules M of finite length over W N (k) such that M a+1 = 0 and Imϕ i = M. We can assume that M is given together with a functorial splitting of its filtration, i.e. there are submodules N i in M such that for all i,
Proof. Recall briefly the main ingredients of the Fontaine-Laffaille theory [5] . The p N -torsion crystalline ring A cr.N := A cr /p N appears as the divided power envelope of W N (R) with respect to Ker γ. We need the following construction of a generator of Ker γ. (Note that we have a natural inclusion of
By above Lemma,
, where γ i (t) are the i-th divided powers of t. Then the identity γ p (t) = t p−1 + u
Recall that A cr,N ∈ MF with: -the filtration Fil i A cr,N , 0 i < p, generated as ideal by t i and all γ j (u
Then the Fontaine-Laffaille functor U a attaches to M ∈ MF N (a) the Γ K -module Hom MF (M, A cr,N ). This functor is fully-faithful (we assume that a p − 2) and, therefore, there is M ∈ MF N (a) such that 
and choose vectorsn i whose coordinates give a minimal system of generators of N i . Then the structure of M can be given by the matrix relation (ϕ a (n a ), . . . , ϕ 0 (n 0 )) = (n a , . . . ,n 0 )C, where C is an invertible matrix with coefficients in W (k). The elements of H are identified with the residues (ū a , . . . ,ū 0 ) mod u We know that all coordinates of σ N −1ū belong to For any field extension E of K in K sep , set E sep = K sep , in particular, I E = I K . All elements of I K preserve the extension v E of the normalised valuation on E to K sep . For x 0, set I E,x = {ι ∈ I E | v E (ι(a) − a) 1 + x ∀a ∈ m E }, where m E is the maximal ideal in O E .
Denote by I E/K the set of all continuous embeddings of E into K sep which induce the identity map on K and the residue field k E of E. For x 0, set I E/K,x = I E,x I E/K .
If ι 1 , ι 2 ∈ I E/K and x 0 then ι 1 and ι 2 are x-equivalent iff for any a ∈ m E , v E (ι 1 (a)−ι 2 (a)) 1+x. Denote by (I E/K : I E/K,x ) the number of x-equivalent classes in I E/K . Then the Herbrand function ϕ E/K can be defined for all x 0, as
This function has the following properties:
• ϕ E/K is a piece-wise linear function with finitely many edges;
• if K ⊂ E ⊂ H is a tower of finite field extensions in K sep then for
The ramification filtration {I 
If we replace the lower indices K to E, the ramification filtration {I 
Note that the inertia subgroup Γ 0 E of Γ E = Gal(K sep /E) is a subgroup in I E and for any v 0, the appropriate subgroup Γ
is just the ramification subgroup of Γ E with the upper number v from [6] .
Statement of the main theorem.
The main idea of our approach to the Γ K -modules U a (M) is related to the following fact. The filtered module S a depends only on the field K and its uniformizerũ. Therefore, S a can be identified with its analogue S ′ a constructed for any ramified extension K ′ of K together with its uniformizerũ ′ . The whole group I K does not preserve the structure of S a but the ramification subgroups I 
Proof. All we need is just the following lemma.
where
With the relation to the original problem of estimating the upper ramification numbers of the Γ K -module H notice now that K = k((ũ)) coincides with σ −N K 0 , where K 0 is the field-of-norms of the pcyclotomic extension K of K. Then for any v 0, Γ 
Auxiliary field K
′ . Let N * ∈ N and r * ∈ Q be such that for 
and the lemma is proved.
as follows.
). This identification is compatible with the action of the subgroups I (v)
Note that the fields K and K ′ are isomorphic (as any two fields of formal power series with the same residue field). Choose an isomorphism κ : K −→ K ′ such that κ(ũ) =ũ ′ and κ| k = σ −N * . We can extend κ to an isomorphism of separable closures of K and K ′ . This allows us to identify the groups I K and I K ′ and this identification is compatible with the appropriate ramification filtrations. Even more, we obtain an identification of U a (M) with U 
